Abstract-A transmission/reflection material characterization technique that uses dual-ridged waveguides is presented. The proposed dual-ridged-waveguide system combines many of the positive aspects of traditional transverse electromagnetic-mode (e.g., coaxial, free space, and stripline) and rectangular waveguide systems, i.e., broadband measurements and accurate calibration. A brief discussion on the derivation of the theoretical scattering parameters, required for the extraction of permittivity and permeability of a material under test, is provided. Two methods for computing the cutoff wavenumber of the dual-ridged waveguide-essential to the material characterization processare also discussed. The first, which utilizes the mode-matching technique, is applicable to dual-ridged-waveguide apertures composed of right-angled corners. The second uses the surface equivalence principle and a magnetic-field integral equation formulation to find the cutoff wavenumber. This approach is applicable to dual-ridged waveguides with rounded corners, which often result from the dual-ridged waveguide manufacturing process. Thus, for the first time, the effect of rounded dual-ridged-waveguide aperture corners on the measurement of permittivity and permeability is assessed. Experimental material characterization results of a magnetic absorbing material are presented and analyzed to validate the proposed technique. An extensive error analysis on the extracted values of permittivity and permeability is also performed by taking into account manufacturer-specified dual-ridged-waveguide design tolerances as well as uncertainties in sample position, sample thickness, sample-holder length, and measured scattering parameters.
communities. For the past several decades, transmission/reflection (TR) RF material characterization techniques have been developed using rectangular waveguides (WGs) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , coaxial transmission lines [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , free-space systems [12] , [22] , [23] , and stripline systems [12] , [24] , [25] . Note that a very good review of TR material characterization techniques is given in [26] . Coaxial, free-space, and stripline systems, being measurement geometries which support transverse electromagnetic (TEM)-mode propagation, offer broadband ε r and μ r results; however, sample preparation (i.e., required specimen sizes for free-space systems and machining requirements for coaxial and stripline systems) and system calibration can be difficult. On the other hand, rectangular WG measurement geometries can be calibrated easily and accurately (e.g., thru-reflect-line (TRL) calibration [27] ), and specimen size and machining requirements are typically more relaxed than free-space, coaxial, or stripline systems. Rectangular WG systems do not support TEM-mode propagation and therefore are bandlimited between the cutoff frequencies of the dominant mode and the first higher order mode (typically, TE 10 and TE 20 modes), respectively.
In this paper, a TR material characterization technique that uses dual-ridged waveguides (DRWGs) is presented. The proposed DRWG measurement system combines many of the attractive features of TEM-mode and rectangular WG systems, i.e., broadband measurements and accurate calibration. A schematic of the TR DRWG measurement geometry is shown in Fig. 1 . Section II describes two methods (both used in the analysis to follow) for calculating the cutoff wavenumber k c of the DRWG. The first uses the mode-matching technique and is only applicable to DRWG apertures composed of rightangled corners. It is highly accurate and converges quickly. The second technique utilizes the surface equivalence principle and a magnetic-field integral equation (MFIE) formulation to find k c . While not as quick to converge as the first technique, the MFIE formulation method can be used to find the k c of DRWGs with rounded aperture corners. Since the aperture corners are rounded in the DRWG manufacturing process, utilization of the MFIE formulation approach permits, for the first time, an assessment of the effect that rounded corners have on the measurement of ε r and μ r .
In addition to the descriptions of the two methods to determine k c , a brief summary on the derivation of the theoretical scattering parameters (S-parameters), ultimately necessary to determine ε r and μ r of the material under test (MUT), is also 0018-9456 c 2013 IEEE Fig. 1 . TR DRWG measurement geometry. The figure depicts two air-filled DRWGs connected to a DRWG sample-holder section (of length h) which contains the MUT (of thickness d). For error analysis purposes, an air spacing (of length ) between the origin and the MUT is included to model the possibility that the front face of the MUT is not aligned with the z = 0 plane (i.e., the calibration plane). The MUT is assumed to fully fill the cross section of the DRWG and therefore DRWG dominant-mode propagation is assumed throughout.
provided. In Section III, experimental material characterization results of a magnetic absorbing material are presented and analyzed to validate the proposed measurement geometry. An extensive error analysis on the extracted values of ε r and μ r is performed by taking into account manufacturerspecified DRWG design tolerances, i.e., aperture width a, aperture height b, gap width x, gap height y, and corner curvature, as well as uncertainties in sample position , sample thickness d, sample-holder length h, and measured S-parameters. Finally, this paper is concluded with a summary of the contributions.
II. Methodology
Consider the TR DRWG measurement geometry shown in Fig. 1 . The figure depicts two air-filled DRWGs connected to a DRWG sample-holder section (of length h) that contains the MUT (of thickness d). For error analysis purposes, an air gap (of length ) between the origin and the MUT is included in the development to model the possibility that the front face of the MUT is not aligned with the z = 0 plane (i.e., the calibration plane). The MUT is assumed to fully fill the cross section of the DRWG and therefore DRWG dominant mode, commonly termed a TE z 10 hybrid mode [28] , [29] , propagation is assumed throughout.
The ε r and μ r of the MUT are found by first deriving theoretical expressions for the reflection, S , coefficients. Expressions for these coefficients are found by enforcing continuity of the transverse fields at the front and back faces of the MUT. These quantities take the common form [30] , [31] 
are the DRWG dominantmode propagation constants for the MUT-filled and air-filled DRWG regions, respectively. Finally, k c is the dominant-mode cutoff wavenumber of the DRWG. In the sections to follow, two methods, the mode-matching technique and an MFIE formulation, for obtaining its value are presented. Note that these two methods were chosen because they are the most applicable to the problem of interest. Several other methods for analyzing DRWGs exist [32] [33] [34] [35] [36] .
A. Mode-Matching Method
The first method for obtaining k c follows the methodology used by Montgomery [28] and Elliot [37] and later by Rong and Zaki [38] for more complicated ridged WGs. It involves expanding the fields in each DRWG subregion (i.e., the gap, |x| ≤ x, and trough, |x| ≥ x, subregions) in a set of TE z or TM z modes [39] , [40] . Note that the DRWG dominant mode is a TE z mode; therefore, only the TE z mode development is implicated here. The mode-matching technique [41] is then used to satisfy the continuity of transverse fields at x = x and − x yielding the following eigenvalue equations for k c :
where Recall that
where A 11 , A 12 , A 21 , and A 22 are N × N submatrices with A 12 and A 21 being diagonal. The cutoff wavenumber k c is found by forcing an eigenvalue of A (k c ) to equal zero via numerical root search; α β T is the associated eigenvector of that zero eigenvalue. There are an infinite number of wavenumbers that satisfy (4) each corresponding to a distinct TE z DRWG mode. The k c which corresponds to the first zero of (4) is the dominant DRWG mode.
This method for obtaining k c is simple and highly accurate. Since this method employs a basis set which is very similar in form to the actual behavior of the fields in the DRWG, only a small number of expansion modes (gap and trough modes) are required to obtain highly accurate k c estimates [28] . Furthermore, analytical DRWG field expressions can be readily obtained once k c and α β T have been determined. A major drawback of this approach is that it is limited to DRWG apertures composed of right-angled corners. This, of course, is not realistically possible. Indeed, as a result of the typical manufacturing process used to produce DRWGs, the corners are rounded. This is clearly shown in Fig. 2 , where the inner and outer corners have a discernible curvature-r 1 and r 2 , respectively. The effect of rounded corners on ε r and μ r extraction could be quite significant when one considers the behavior of the fields in a DRWG. A depiction of the dominant DRWG electric-field magnitude is shown in Fig. 3 . Note the significant fringing of the fields around the gap subregion. This fringing is so pronounced because electric charge, deposited by the current traveling along the walls, builds up at the right-angled corners. Rounded corners present much less of an impediment to the current than right-angled corners and therefore less electric charge builds up at the boundaries between the gap and trough subregions subsequently affecting field fringing. To be able to understand and quantify how rounded corners (as well as uncertainties in the other DRWG dimension specifications) affect the reliability of ε r and μ r measurements obtained using a DRWG system, another method for finding k c (in addition to the one just described) needs to be utilized.
B. MFIE Formulation Method
The second method for obtaining k c utilized here follows the works of Swaminathan et al. [42] , [43] and Kim et al. [44] who used the surface equivalence principle [40] , [45] , [46] and an integral equation formulation to find the natural modes of guiding structures. Later, Sun and Balanis [29] , [47] applied this method specifically to ridged WGs.
In accordance with the surface equivalence principle, the PEC DRWG boundaries are replaced with an electric current Table I . Fig. 3 . Dominant DRWG electric-field magnitude. This depiction of the dominant mode was generated using five gap and 25 trough modes.
J which maintains the fields inside the structure. The magnetic field in the DRWG at cutoff can be found by utilizing this current and the free-space Green's function, namely
where ρ =xx +ŷy is the observation vector, ρ =xx +ŷy is the source vector, and C is the contour traced out by the DRWG boundaries. Note that the 2-D form of the free-space Green's function is utilized here because the cross section of the DRWG does not change and, at cutoff, there is no z variation in the field (k z = 0). Utilizing the PEC magnetic-field boundary condition, viz.,
wheren is the unit normal pointing into the field region (i.e., into the DRWG), and separating (6) into transversê t =x cos (ρ) +ŷ sin (ρ) and longitudinalẑ components yields two uncoupled MFIEs
1 (k c R) dC ρ ∈ C (7) where R = ρ − ρ , and (ρ) = Tan −1 ρ y /ρ x is the angle between ρ and the x-axis (Tan −1 is the four-quadrant inverse tangent function) [46] . It should be noted that to arrive at the forms for the MFIEs in (7) required bringing the derivatives contained in ∇ t inside the integrals. At cutoff, a TE z mode supports only a transverse current; therefore, the first MFIE is relevant here [29] . Note that the other MFIE (the longitudinal current MFIE) can be used to find the cutoff wavenumbers of TM z modes [29] . Solving the transverse current MFIE in (7) can be accomplished using the Method of Moments [46] , [48] . At least, firstorder differentiability is required for basis and testing functions to overcome the Green's function source-point singularity [46] ; thus, pulse basis and delta testing functions (point matching) will suffice. Note that an electric-field integral equation formulation could also have been employed; however, the presence of the ∇ t ∇ t · operator would have required a higher order and thus a more complex set of basis and testing functions to overcome the source-point singularity. Expanding J t in pulse basis functions, testing with delta functions, and subsequent simplification yields a matrix equation Z (k c )I = 0, where, like in the mode-matching method, k c is found by forcing an eigenvalue of the impedance matrix Z to zero via numerical root search. The electric current I is the associated eigenvector of that zero eigenvalue from which the field can be computed.
Like the mode-matching method described previously, the MFIE formulation method is rather simple; however, it is not as accurate as the mode-matching technique. The reason for this is the choice of expansion functions (a series of pulses, in this case) which do not accurately model the true nature of the electric current. Therefore, a large number of pulses are required to obtain an accurate estimate of k c making numerical computation more difficult. Furthermore, no analytical field expressions (the integrals in the field expressions must be calculated numerically) can be obtained using this method. However, a major advantage of this method over the modematching technique is that k c can be computed for DRWGs with rounded corners; thus, the effect that rounded corners have on the measurement of ε r and μ r can be quantified via error analysis. For a DRWG aperture composed of right-angled corners, the two methods differ in k c values by approximately 1%. When the DRWG aperture corners are rounded, the two methods differ in k c values by approximately 3% using the DRWG specifications given in Table I . This 3% is quite significant when one considers that the parameter k c is involved in the calculation of the propagation constant k z , which is the most important quantity in determining S-parameter phase. A reliable S-parameter phase measurement is critical for accurate determination of ε r and μ r .
In the analysis presented and discussed in the following, a pulse basis function width of λ/200 was chosen for determining k c for a DRWG aperture composed of right-angled corners. This width was selected because the value of k c did not appreciably change for smaller pulse widths implying convergence. For a DRWG aperture composed of rounded corners, the pulse basis function width was chosen to be either λ/200 or the width required to fit a minimum of five pulses around the tightest DRWG aperture corner-whichever yielded the smaller width. This ensured that the curvature of every corner comprising the DRWG aperture was resolved and, most importantly, that the value obtained for k c could be considered accurate.
III. Experimental Verification
In this section, experimental DRWG material characterization results are presented. Before analyzing the measurement results, a discussion of the measurement apparatus and procedure is warranted.
A. Apparatus Description and Experimental Procedure
Material characterization measurements were made at 6-18 GHz of ECCOSORB ® FGM-125 (d = 3.12 mm) [49], a silicon-based lossy magnetic absorbing material, using an Agilent E8362B vector network analyzer (VNA) [50] . The TR DRWG measurement apparatus consisted of two Microwave Engineering Corporation (MEC) WRD650 DRWG-to-coaxial adapters [51] attached to two 15.24 cm DRWG straight sections [52] . In addition to the MEC WRD650 DRWGs, a locally machined h = 6.98 mm DRWG sample holder was used to hold the FGM-125 sample. A photograph of the pertinent parts of the DRWG measurement apparatus is shown in Fig. 4 .
Before the material measurements were made, the apparatus was calibrated using a TRL calibration [27] . The custom made DRWG sample holder discussed previously and shown in Fig. 4 served as the line standard. The TRL calibration placed the port 1 and port 2 calibration planes at the faces of the MEC DRWG straight sections (z = 0 and z = h in Fig. 1 ), respectively. These calibration planes were then phase shifted to their desired locations at the front and back faces of the MUT by 
Recall that was included in the development for error analysis purposes, i.e., to model the possibility that the front face of the MUT did not align with the calibration plane at z = 0. Every attempt was made to physically place the front face of the MUT at z = 0 and thereby make = 0. It should be noted that sample-position error can be removed by using reference-plane-invariant formulations for the Sparameters [15] or for ε r and μ r directly [21] . Error in sample position was included in this analysis because the traditional Nicolson-Ross-Weir (NRW) [30] , [31] 
where S = S 11 S 21 S 12 S 22 T and f is the frequency. The ε r and μ r results obtained by solving (9) were nearly identical to those yielded using NRW. Using the specifications supplied by the WRD650 DRWG manufacturer given in [55] and reproduced in Table I 1 (see also Fig. 2) , an extensive error analysis on the extracted values of ε r and μ r was performed. In addition to the tolerances on the DRWG dimensions given in Table I , the ε r and μ r errors due to uncertainties in sample position σ = 0.05 mm, sample thickness σ d =0.05 mm, sample-holder length σ h =0.05 mm, and measured S-parameters (σ S ij given in [50] ) were also considered. The following expression was used to calculate the measurement uncertainty in the real part of ε r [15] : Fig. 4 . Provided to serve as a reference, the dashed black traces on the plots are the FGM-125 ε r and μ r results measured using three precision rectangular WG systems-C-band WR137 (5.85-8.2 GHz), X-band WR90 (8.2-12.4 GHz), and K u -band WR62 (12.4-18 GHz). The bars on the plots represent the errors in the ε r and μ r measurements (±2σ ε r and ±2σ μ r , respectively), calculating using (10), considering the MEC WRD650 DRWG dimensions and tolerances given in Table I as well as uncertainties in sample position, sample thickness, sample-holder length, and measured Sparameters. To demonstrate the overall impact that rounded DRWG aperture corners have on ε r and μ r , the results using k c values found with the mode-matching (blue bars) and MFIE (red bars) methods are also shown. Fig. 6 shows the magnitudes of the sensitivity factors ∂ε r r /∂k c , ∂ε i r /∂k c , ∂μ r r /∂k c , and ∂μ i r /∂k c versus frequency. Table II complements Fig. 6 by reporting the magnitudes of the DRWG dimension sensitivity factors which were calculated using the MFIE formulation method.
Considering the magnitudes reported in Table II , uncertainties in DRWG dimensions, especially uncertainty in y, can result in significant errors in ε r and μ r . To the authors' knowledge, this is the first time this analysis has been performed. Note that the magnitudes of the other error sources, namely, sample position, sample thickness, sample-holder length, and measured S-parameters, are not shown here for the sake of brevity. Analyses of those error sources can be found in numerous other references [2] , [15] , [18] , [21] , [56] [57] [58] [59] .
Overall, the results yielded by the DRWG system compare well with the reference results with the main exception being in the ε Table I as well as uncertainties in sample position σ = 0.05 mm, sample thickness σ d =0.05 mm, sample-holder length σ h =0.05 mm, and measured S-parameters (see [50] for σ S ij ). The blue bars show the results utilizing k c found using the mode-matching method; the red bars show the results utilizing k c found using the MFIE technique. . The values and uncertainties in ε r and μ r obtained using the k c values from the mode-matching (blue bars) and MFIE (red bars) methods are generally the same-the exception to this being at low frequencies. Recall that the mode-matching and MFIE methods differed in k c values by approximately 3% for a rounded-corner DRWG aperture. At low frequencies, i.e., near cutoff, k c ≈ k implying small k z . It, therefore, makes sense that a 3% difference in the value of k c would have a greater impact on ε r and μ r at lower frequencies than at higher frequencies where k z approaches k.
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C. Discussion
The true benefit of the proposed approach comes by contrasting the measurement requirements of the traditional rectangular WG system with those of the DRWG system. To obtain characterization data from 6-18 GHz using the traditional rectangular WG approach required three rectangular WG bands and three rectangular MUT samples for a total of 12 measurements (3 × thru, line, reflect, and MUT measurements). Furthermore, at the rectangular WG band edges, i.e., 8.2 and 12.4 GHz in Fig. 5(a) and (b) , jumps in the ε r and μ r results are clearly evident caused by physically changing the measurement apparatus and recalibrating. Note that these jumps (especially conspicuous in the ε r r results) could also be caused by MUT inhomogeneity alluded to above. On the other hand, the DRWG approach required one DRWG band and one DRWG sample (four total measurements). Because of the broadband nature of DRWGs, the apparatus did not have to be changed and consistent ε r and μ r results were obtained over the whole frequency band. MUT sample preparation is more difficult using the proposed approach than the traditional rectangular WG method; however, the DRWG system requires a much smaller sample, making it an especially attractive measurement option for MUTs that are expensive to produce or procure. Note that while broadband characterization data like the results presented in Fig. 5 are certainly possible using coaxial, free-space, or stripline systems, as previously stated, accurate calibration and MUT preparation requirements are not as easily achieved (or not available) compared to the proposed DRWG system. IV. Conclusion In this paper, a TR material characterization technique was presented which used DRWGs. The new DRWG measurement system offered broadband measurements and a simple and accurate calibration-combining many of the positive aspects of TEM-mode and rectangular WG systems. The derivation of the theoretical S-parameters, necessary for determining ε r and μ r of the MUT, was briefly discussed in Section II. The primary focus of Section II was to determine the cutoff wavenumber k c of the DRWG since it determines the mode propagation constant critical in theoretical S-parameters computation. Two methods for determining k c were presented. The first made use of the mode-matching technique and was applicable to DRWG apertures composed of right-angled corners. The other method made use of the surface equivalence principle and an MFIE formulation to determine k c . Using this technique, it was possible to determine k c for DRWGs with rounded corners-DRWG manufacturing process rounds the aperture corners-and thus, for the first time, assess what effect rounded DRWG corners have on ε r and μ r . Section III presented experimental material characterization results of a magnetic absorbing material comparing the results obtained using the proposed DRWG apparatus with those obtained using traditional rectangular WG measurements collected over three rectangular WG bands-C-band, X-band, and K u -band. The proposed DRWG system yielded comparable results to the traditional rectangular WG approach, yet only required four measurements as opposed to 12. An extensive ε r and μ r error analysis was also performed accounting for manufacturer-specified DRWG design tolerances, i.e., aperture width, aperture height, gap width, gap height, and corner curvature, as well as uncertainties in sample position, sample thickness, sample-holder length, and measured S-parameters.
